Abstract. We describe new irreducible components of the Gieseker-Maruyama moduli scheme M(3) of semistable rank 2 coherent sheaves with Chern classes c 1 = 0, c 2 = 3, c 3 = 0 on P 3 , general points of which correspond to sheaves whose singular loci contain components of dimensions both 0 and 1. These sheaves are produced by elementary transformations of stable reflexive rank 2 sheaves with c 1 = 0, c 2 = 2 along a disjoint union of a projective line and a collection of points in P 3 . The constructed families of sheaves provide first examples of irreducible components of the Gieseker-Maruyama moduli scheme such that their general sheaves have singularities of mixed dimension.
Introduction
Let M(0, k, 2n) be the Gieseker-Maruyama moduli scheme of semistable rank-2 sheaves with Chern classes c 1 = 0, c 2 = k, c 3 = 2n on the projective space P 3 . Denote M(k) = M(0, k, 0). By the singular locus of a given O P 3 -sheaf E we understand the set
Sing(E) = {x ∈ P 3 | E is not locally free at the point x}. Sing(E) is always a proper closed subset of P 3 and, moreover, if E is a semistable sheaf of nonzero rank, every irreducible component of Sing(E) has dimension at most 1.
In this article we study the Gieseker-Maruyama moduli scheme M(3). In [2] , [8] it was shown that the scheme M(3) contains at least the following irreducible components:
(i) the instanton component I of dimension 21 whose general point 1 corresponds to a locally free instanton sheaf [8] ;
(ii) the Ein component N of dimension 21 whose general point corresponds to a locally free sheaf that is the cohomology sheaf of a monad of the form 0 −→ O P 3 (−2) −→ O P 3 (−1) ⊕ 2O P 3 ⊕ O P 3 (1) −→ O P 3 (2) −→ 0; (iii) the component C of dimension 21 whose general point corresponds to a sheaf E having singularities along a smooth plane cubic C and satisfying the following exact
where L is a line bundle over C with Hilbert polynomial P L (k) = 3k such that
(iv) the four components T (s), s = 1, ..., 4, of dimensions 21 + 4s, respectively, whose general points correspond to sheaves E having singularities along the sets of s distinct points {q 1 , ..., q s } ⊂ P 3 and satisfying the exact triple
where F is a reflexive stable rank 2 sheaf with Chern classes c 1 = 0, c 2 = 3, c 3 = 2s
such that Sing(F ) ∩ {q 1 , ..., q s } = ∅ (in [8] these components are denoted by T (3, s)).
Note that general points of these components correspond to sheaves with singularities of pure dimension, i. e. such that all irreducible components of singular loci of these sheaves have the same dimensions. The main result of the present article, Theorem 3 below, gives a description of new irreducible components of M(3) whose general points correspond to sheaves with singularities of mixed dimension, i. e. sheaves whose singular loci contain components of dimensions both 0 and 1. For this purpose, we define 7 families of sheaves X (n, s) from M(3) and prove that, among their closures X (n, s) in M(3), there are 3 irreducible components of M(3), namely, X (1, 0), X (2, 0), and X (2, 1) (see Theorem 3).
Moreover, in Section 4 we prove that closures of the rest 4 families X (n, s) are proper subsets of the known components T (s), s = 1, 2, 3, of M(3), so they do not constitute components of M(3) (see Theorem 4) .
Remark that, up to now, there were known only those components of the GiesekerMaruyama schemes M(k), general points of which are semistable sheaves with singularities of pure dimension. Namely, in [8] there were constructed the first infinite series of components of the schemes M(k), with k growing, such that their general points are sheaves with singularities of pure dimension 0, respectively, 1. Thus, Theorem 3 provides first examples of irreducible components of the moduli scheme M(k) for k = 3, the general sheaves of which have singularities of mixed dimension.
The families X (n, s) are constructed in the following way. Let R(0, 2, 2n) be the moduli scheme of stable reflexive coherent rank 2 sheaves on P 
as a reduced scheme. (Here for s = 0 we set by definition W = ∅.)
For any point [F ] ∈ R(0, 2, 2n), by Grauert-Müllich Theorem (see [6] ), for 0 ≤ s ≤ n + 1, the set
and consider the open dense subset Hom(F, Q u,r ) e ⊂ Hom(F, Q u,r ) consisting of epimorphisms φ : F ։ Q u,r . For any element φ ∈ Hom(F, Q u,r ) e we can take the kernel of the equivalence class of φ modulo Aut(Q u,r ). Now consider the sets
Since R(0, 2, 2n) are reduced irreducible schemes (see [1] ), the sets X (n, s) have a natural structure of reduced irreducible schemes. Furthermore, by the above, there is a well-
The dimensions of the varieties X (n, s) are calculated by the following formula
A sufficient condition for the variety X (n, s) to be an irreducible component of
In Section 3 it will be shown that this equality is satisfied for families X (1, 0), X (2, 0) and X (2, 1), this giving the proof of Theorem 3. From the construction of the families it is clear that general points of these irreducible components correspond to sheaves with singularities along l ⊔Sing(F ) ⊔W . Since dim Sing(F ) = 0, these singularities have mixed dimension.
Throughout this work, the base field k is an algebraically closed field of characteristic 0. Also, for simplicity, we will not distinguish between a stable rank-2 O P 3 -sheaf E and its isomorphism class [E] as a point in the Gieseker-Maruyama moduli scheme.
Acknowledgements. ANI was supported in part by the Simons Foundation.
AST was supported by a subsidy to the HSE from the Government of the Russian Feder- satisfies the exact triple
where for n = 1 the scheme Y = m ⊔ C 2 is a disjoint union of a reduced line m and a smooth conic C 2 in P 3 ; respectively, for n = 2 the scheme Y = C 3 is a smooth twisted cubic in P 3 . Moreover, the extension ξ ∈ Ext
is a union of 2n distinct points of the component of Y which is not a line, and
Lemma 1. The sheaf Hom(F, F ) satisfies the following exact triple
where the sheaf G fits in an exact triple
Proof. Applying the functor Hom(−, F ) to (1) we obtain the exact sequence
Since hd(F ) = 1, there is a locally free O P 3 -resolution
of the sheaf F . Applying the functor Hom(I Y (1), −) to (4) and considering an easily verifiable equality Ext 2 (I Y (1), L 1 ) = 0, we obtain an exact triple
An easy computation shows that the sheaves Ext Now show that
Indeed, applying the functor Hom(−, F ) to
we obtain an exact sequence
On the other hand, applying the functor Hom(O Y (1), −) to (4) yields an exact triple
Since F is locally free outside the points {x 1 , ..., x 2n }, the sheaf Ext 1 (O Y (1), F ) either equals to zero or is an artinian sheaf. On the other hand,
sheaves. Hence, the sheaf Ext
be a non-zero artinian sheaf. Consequently, Ext 1 (O Y (1), F ) = 0 and (7) follows from (9).
The statement of Lemma 1 now follows from (6) and (7). ✷
. F is a stable reflexive rank 2 sheaf on P 3 with
Chern classes c 1 = 0, c 2 = 2, c 3 = 2n, where n = 1, 2. Then the following equality holds
Proof. Applying the functor − ⊗ O Y (1) to (1) we obtain the exact sequence
It is easy to see the sheaves
is an epimorphism. So ker ε 0 is artinian sheaf and the morphism ε 1 is non-zero on each component of the curve Y . Next, standard computation gives the following
So we obtain coker 
Next, we have
So (11) and (12) yield
It is easy to see that T or 1 (F, O Y (1)) = 0 because hd(F ) = 1, so the sheaf F ⊗ I Y is torsion free and the following triple is exact
Besides, according to [1, 
From (13)- (15) and Lemma 1 it follows that Proof. Consider an arbitrary sheaf [E] ∈ X (n, s) which according to the construction satisfies the following exact triple
where l is a line in P 3 , [F ] ∈ R(0, 2, 2n), W = {q 1 , ..., q s } is a reduced subscheme of s distinct points in P 3 such that
Since hd(F ) = 1 and dim Sing(F ) = 0, we have
From (17), (18) it follows that
and the morphism ϕ in (16) induces the isomorphism of the artinian sheaves
For the same reason
Similarly we have the isomorphism of the artinian sheaves
due to the isomorphism
that follows from (16).
The inclusion of the artinian sheaf Ext 1 (F, F ) into the sheaf Ext
follows from (23) as a direct summand such that
Note that the sheaf F | U ′ is locally free, so 
follows from that and (26). Hence, from (25) we have the isomorphism
Next, in view of (21) applying the functor Hom(O l (r) ⊕ O W , −) to the triple(16) yields the isomorphism
Besides, applying the functor Hom(F, −) to (16) we have
From here in view of (19) and (20) it follows that the following triple is exact
Next, applying the functor Hom(−, E) to (16) and taking into account (24) and (28) we have the following triple
The monomorphism E ֒→ F in (16) induces the monomorphism τ : Hom(E, E) −→ Hom(F, F ) which along with the triples (30) and (31) is included into the following commutative diagram
It is easy to see that coker τ | l is a locally free O l -sheaf (see [7, proof of Lemma 5.1]), so the right vertical triple in this diagram yields
and the following triple is exact
Applying the functor Hom(E, −) to (16) and taking into account (34) we obtain the exact
On the other hand, applying the functor Hom(−, O l (r) ⊕ O W ) to (16) and taking into account (22) and the standard isomorphisms
we obtain the exact sequence
and the isomorphism (37)
It is easy to see that imγ| l is locally free O l -sheaf in (36), so imγ is isomorphic to O l (2r) ⊕ O W . Hence, the following triple is exact
Besides, applying the functor Hom(−, E) to (16) we obtain the isomorphism
since, in view of (18), Ext ≥2 (F, E) ≃ Ext ≥2 (F, F ) ≃ 0 and hd(O l ) = 2. On the other hand, from (27) it follows that Ext 1 (E, F )| W = 0. So ker ψ| W = 0 and, in view of (39), (37), we have the isomorphism
Thus from (35)-(40) follows the exact sequence
Since Ext 1 (F, F ) is an artinian sheaf, the following triple is exact
From this triple we obtain
Next, the triple (34) in view of the diagram (32) can be written by the following
Since E and F are stable, they are simple, i. e. h 0 (Hom(E, E)) = h 0 (Hom(E, E)) = 1.
Therefore from Lemma 2 and (43) it follows that
Besides, from Lemma 2 and [1, Theorem 2.8, 2.12] we have
Consequently, from (42), (44), (45) and the exact sequence Since Ext 1 (E, E) is the Zariski tangent space to M(3) at the point [E], the coincidence of dimensions of the irreducible families X (1, 0), X (2, 0) and X (2, 1) with the dimensions of the Zariski tangent spaces to M(3) at their general points yields Theorem
✷
The rest families X (1, 1), X (1, 2), X (2, 2), X (2, 3) in the above table will be considered in the next Section.
Deformations of sheaves
In this Section we will consider the families X (1, 1), X (1, 2), X (2, 2), X (2, 3) and will show that their closures are proper subsets of the known components T (s), s = 1, 2, 3, of M(3) -see Theorem 4.
As it was mentioned in Section 1, a general sheaf E of the component T (s) of M(3), s = 1, 2, 3 is defined by the following triple
where F ∈ R(0, 3, 2s), W = {x 1 , ..., x s } ⊂ P 3 . According to [1] for a general sheaf F in R(0, 3, 2s) there exists a nonzero section σ ∈ H 0 (F (1)), the zero-scheme Y = (σ) 0 of which can be described as follows:
(i) for s = 1, the scheme Y is a disjoint union l⊔l ′ ⊔C 2 of two lines l, l ′ and a nonsingular conic C 2 ;
(ii) for s = 2, the scheme Y is a disjoint union of a line l and a nonsingular twisted cubic
(iii) for s = 3, the scheme Y is a nonsingular rational quartic curve C 4 ;
In all three cases (i)-(iii) the sheaf F is a nontrivial extension of O P 3 -sheaves of the form
Such extensions are classified by the vector space V = Ext
and there exists a universal flat family of such extensions with base V ≃ A n , n = dim V , -see [5, Proposition 3.1] . Now prove the following theorem.
Theorem 4. The following inclusions are true:
Proof. 1) We first show that X (1, 1) T (1). Here T (1) corresponds to the case (i) above,
and we can introduce the coordinates (t 1 , , ..., t 5 ) on (2)). Let F = {F t } t∈A 1 be the flat subfamily of the universal family of extensions (47) over the affine line
and, in addition, the reflexive sheaf F ∨∨ 0 = (F| P 3 ×{0} ) ∨∨ fits into the short exact sequences
Now (50) yields:
Next, W = {q} is a point in P 3 such that, for each t ∈ A 1 , the sheaf F t of the family F is locally free at the point W . It follows that F| W ≃ 2O W , where
Therefore, there exists an epimorphism of sheaves e : F ։ O W , and we obtain a flat family of sheaves E = {E t } t∈A 1 defined by the exact triple:
Restricting this triple onto P 3 × {t}, t ∈ A 1 , we obtain the triple
which together with (46) and (49) yields [E t ] ∈ T (1) for t = 0. Hence also
Now (51) and the triple (54) for t = 0 yield the exact triple
which together with (52) implies that [E 0 ] ∈ X (1, 1). Therefore, by (55)
(see Section 1 and the above table) it follows that [E 0 ] is a smooth point of the moduli scheme M(3), we conclude the inclusion X (1, 1) ⊂ T (1). As dim X (1, 1) = 24 < 25, it follows that X (1, 1) T (1).
2) We next show that X (2, 2) T (2). Here T (2) corresponds to the case (ii) above, where
we can introduce the coordinates (t 1 , , ..., t 6 ) on A 6 such that
). Let F = {F t } t∈A 1 be the flat subfamily of the universal family of extensions (47) over the affine line A 1 = {(t, 1, ..., 1) ∈ A 6 | t ∈ k}, so again F fits in the triple (48).
Furthermore, instead of (49) and (50) one has
and the triple (51) remains true. Now (60) yields:
Next, W = {q 1 , q 2 } is now a disjoint union of two points in P 3 , and again the triples (53), (54) for t ∈ U, and (56) remain true. Now using (59)-(61) and arguing as above, we obtain similar to (57)and (58) that [E 0 ] ∈ X (2, 2) ∩ T (2) and dim
As dim X (2, 2) = 26 < 29, it follows that X (2, 2) T (2). The triple (66) yields (52). Besides, the exact triple (53) is true with W = {q 1 , q 2 } × U.
Arguing now as in the case 2), we obtain the inclusion X (1, 2) T (2). (ii) the zeroth fiber Y 0 of this family is a union Y 0 = l ∪ C 3 of a line l and a nonsingular twisted cubic C 3 intersecting transversely at one point, say, p.
